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ABSTRACT

We study the interplay between electrons and spin waves (magnons) in a ferromagnetic material, using an augmented Vlasov-Poisson model
that includes the electron spin dynamics. The ions are fixed, but their spins can evolve in time on the unit sphere according to the Landau-
Lifshitz equation, which includes nearest-neighbor magnetic interactions. The two components interact not only through the electrostatic
Coulomb force, but also via magnetic-exchange interaction terms. The linear response analysis reveals the existence of a wave-particle reso-
nance occurring at the frequency of the magnons. This resonance gives rise to significant energy exchange between the magnons and the elec-
trons, resulting in a rapid loss of the localized magnetism, which is analogous to the ultrafast demagnetization observed in experiments on
thin ferromagnetic films. Depending on the initial electronic spin polarization, the resonance can lead to either damping or instability of the
wave. These results show that wave-particle effects, similar to those frequently encountered in plasma physics, may play a key role in spin-
polarized plasmas and electron beams.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0312295

I. INTRODUCTION

Ultrafast magnetism refers to the study of magnetic phenomena
that occur on extremely short time scales, typically in the range of fem-
toseconds to picoseconds. It focuses on the rapid evolution of magnetic
order following external perturbations, such as laser irradiation, and
provides fundamental insight into the spin dynamics at the nanoscale.
A central topic within ultrafast magnetism research is the interaction
between ultrashort laser pulses and magnetic materials, which enables
the observation of sub-picosecond changes in the magnetic properties
of the sample. The seminal work by Beaurepaire et al." demonstrated
that such laser excitation can induce a rapid loss of magnetization in
ferromagnetic thin films. Despite significant progress, the microscopic
mechanisms underlying this ultrafast demagnetization process remain
the subject of ongoing investigation.””

Beyond such fundamental physics issues, achieving control over
ultrafast demagnetization across a wide range of magnetic materials is
essential for the development of future high-speed spintronic and

magneto-optical devices. While early studies concentrated on ferro-
magnetic thin films,"” subsequent research has extended to systems
with more complex magnetic ordering, including ferrimagnets® and
antiferromagnets.” It is also known that the ultrafast demagnetization
facilitates the conversion of laser pulses into terahertz (THz) electrical
currents.”” This process relies on the generation of spin currents in
response to electromagnetic pulses, which has been described in recent
computational studies.'’

Finally, spin polarized plasmas have been considered in the con-
texts of nuclear fusion research'""'> and plasma wakefield acceleration.
In the latter domain, several theoretical and computational studies have
been conducted on the generation of highly spin-polarized electron
gases. This includes techniques such as spin filters''* and in situ gener-
ation of spin-polarized electrons.'” However, the experimental realiza-
tion of these techniques is currently still at the proposal stage.'*'*

A widely adopted theoretical framework to describe the ultrafast
demagnetization is the so-called three-temperature model." It is a
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macroscopic (non-space-resolved), phenomenological model that
decomposes the system into three interacting subsystems—electrons,
ion lattice, and spins—each subsystem being described as a thermal
bath at instantaneous thermodynamic equilibrium. Using this
approach, it was shown that electron-magnon scattering (representing
energy transfer between the electronic and spin subsystems) occurs on
ultrashort timescales and significantly influences the initial phase of
the ultrafast demagnetization.'” *' Here, magnons are elementary spin
excitations, just like plamons are elementary charge excitations.

In the present work, we investigate the ultrafast magnetization
dynamics from the viewpoint of plasma physics, using a microscopic
phase-space model that goes well beyond the simple quasi-equilibrium
approach adopted in the three-temperature model.”” ** In our model,
we distinguish two types of magnetism: (i) itinerant magnetism, carried
by the conduction electrons that are spatially delocalized (s orbitals) and
(ii) fixed magnetism, carried by localized d-orbital electrons, hereafter
denoted simply as “the ions.” The distinctive feature of itinerant magne-
tism is that magnetic properties are conveyed directly by the motion of
the spin carriers, i.e., the conduction electrons. By contrast, spin trans-
port induced by localized magnetism occurs exclusively through collec-
tive excitations (magnons) without any accompanying transport of
matter. The itinerant electrons are described by a set of Vlasov equa-
tions generalized to the case of spin-1/2 fermions, whereas the fixed
ions are modeled by the Landau-Lifshitz equation,” which governs the
evolution of the ion magnetization §(x, t) in space and time.

The itinerant electrons and the fixed ions interact with each other
through electrostatic Coulomb forces (Poisson equation) and through
magnetic-exchange interactions modeled in the RKKY (Ruderman-
Kittel-Kasuya-Yosida) approximation.”® A sketch of the different spe-
cies intervening in the model, together with their respective interac-
tions, is provided in Fig. 1. We will refer to this mathematical model as
the spin-Vlasov-Poisson-Landau-Lifshitz (sVPLL) set of equations.

The fastest timescale in this system is given by the plasmon fre-
quency w, ~ 10* THz, corresponding to times around 0.1 fs, whereas
oscillations of the ion spins (magnons) have much smaller frequencies
mag & 10 — 1000 THz. Phonon modes, i.e., vibrations of the atomic
lattice, occur at even slower frequencies (= 1 THz), corresponding to
several picoseconds.”” As we are interested in the dynamics on time-
scales of a few hundred femtoseconds, electron-phonon interactions
will be neglected here.

electron plasma

FIG. 1. Schematic view of the electron-magnon system. The electron cloud, illus-
trated as dark blue dots with arrows, represents the itinerant component of magne-
tism. In contrast, the ion spin chain, shown in red, corresponds to the localized
magnetic component. Electron—electron interactions are governed by the electro-
static potential and involve the vacuum permittivity &. lon-ion interactions arise
from magnetic exchange between nearest-neighbor ions and are proportional to the
exchange constant J. The coupling between electrons and ions is described by the
magnetic exchange interaction in the RKKY approximation,”® which links the spin
orientations of the two subsystems through the coupling constant K.
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An earlier version of the model, together with a description of the
related computational methods, was developed in a prior work.”*
There, the electron gas was supposed to be weakly degenerate and
therefore described using the Maxwell-Boltzmann distribution, a sce-
nario that is appropriate for spin-polarized electron beams. " In con-
trast, in solid state systems, where the Fermi temperature is typically
larger than 10* K, the electron gas is highly degenerate even at room
temperature and a Fermi-Dirac distribution should be used.

The present work aims at investigating the combined electron-
magnon (i.e., charge-spin) collective dynamics in a realistic ferromag-
netic material. We will show that resonant wave-particle effects,
similar to those well-known from plasma physics, can occur in these
systems. In particular, magnon waves can resonate with the electrons,
as their phase velocity falls within the electron Fermi-Dirac distribu-
tion—i.e., Mmgg /k =< v, where k is the wave number and vr the Fermi
velocity. This resonance gives rise to significant energy exchanges
between the spin modes (magnons) and the electrons, resulting in a
rapid loss of the localized magnetism similar to the ultrafast demagne-
tization observed in the experiments.' Note that, in contrast, plasmons
are not resonant, as ®,/k > vg, so that Landau damping and other
resonant plasma effects are excluded.

The present work is organized as follows. The details of the math-
ematical model are illustrated in Sec. II. The linear response and dis-
persion relation are analyzed in Sec. III. Numerical simulations in the
nonlinear regime are shown in Sec. I'V and conclusions are drawn in
Sec. V.

Il. SPIN VLASOV MODEL

The system considered in this study consists of a ferromagnetic
layer with a thickness of the order of a few nanometers, maintained at
room temperature. For the purpose of defining the atomic and elec-
tronic parameters, we adopt the properties of pure nickel (Ni), charac-
terized by an atomic density n; = 9.1 x 10 m . The corresponding
interatomic spacing a is set to be equal to twice the Wigner-Seitz
radius r,, defined so that 47'mir$3 /3 =1, yielding a = 0.275nm. In
nickel, two electrons per atomic site populate the conduction band
(Z = 2). However, for simplicity, a charge state of Z =1 will be
assumed everywhere in this work, so that the electron and ion densities
are equal, n; = n,. The main consequence of this assumption will be
discussed in Sec. IV. The Fermi energy and Fermi velocity are,

respectively: Ep = %(37'52%)2/3 =741eV and vp = +/2Ep/m,
= 1.61 x 10° m/s, where m, and n, are the electron mass and number
density.

A one-dimensional (1D) configuration with periodic boundaries
is adopted, in which both position and velocity degrees of freedom are
aligned along the x-axis. In contrast, the spin vector (both for the elec-
trons and the ions) is allowed to evolve in three spatial dimensions.
Under this assumption, spin waves only propagate in the x direction,
and the spin-current tensor ]g (corresponding to the transport along
the spatial i direction of magnetic moment oriented parallel to the j
axis) reduces to the three components ]fo, ]fy, and ],fz. Although ideal-
ized, the 1D geometry adopted here has practical applications to ferro-
magnetic nanowires” or nanolayers, in the latter case considering
transport in the direction normal to the layer’s surface.”’ We also
emphasize that, although the dynamics is indeed 1D, the underlying
equilibrium (see Sec. 11I) is given by a fully 3D Fermi-Dirac distribu-
tion, integrated over the transverse velocity directions v, and v;.
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A. Evolution equations

The spin-Vlasov model’”* describes the dynamics of a spin-
polarized electron gas through a set of coupled kinetic equations. In
this framework, the electronic degrees of freedom are represented by
two distribution functions defined over position-velocity phase space:
a scalar function fo(x,v,t) and a vector function f(x,v,t), with
f = (fx.fy.f2)- The scalar distribution f; corresponds to the charge
density, while the vector distribution f characterizes the spin density.
Both quantities evolve according to the coupled set of Vlasov
equations

ofy Ofp 10Vyofy ppOBion Of
ot

o e dx v m, ox o0 )

O O 1OV 0Bl B

ot ox m, Ox v m, Ox Ov m,
where e > 0 is the absolute value of the electron charge, /i is the
reduced Planck constant, m, is the electron mass, and pz = efi/(2m,)
is the Bohr magneton. Here, V; is the Hartree potential, solution to
the Poisson equation, while Bj,, represents the magnetic field gener-
ated by the ions and experienced by the electrons. The above Vlasov
equations are semiclassical inasmuch as the orbital motion of the elec-
trons follows the classical trajectories, while their spin is treated as a
quantum variable.

The semiclassical Egs. (1) and (2) can be derived from a fully
quantum model based on the total Wigner function of the system,”’ by
neglecting terms of second and higher orders in 7. This approximation
is valid in the long-wavelength limit,"' namely, when the characteristic
length scale of the system exceeds the de Broglie wavelength, defined
as Agg = fi/+/2m,Ey for a degenerate electron gas. For the parameters
of Table I, this is approximately Agqg ~ 0.07 nm. This semiclassical
approximation implies neglecting the wavelike behavior of the elec-
trons, which follow deterministic trajectories in the phase space.
However, as we shall see, their statistical distribution is fully quantum
(Fermi-Dirac). In summary, our model is classical for the particle tra-
jectories, but quantum for the statistics and the spin dynamics.

All physical quantities can be obtained by integration of the elec-
tron distributions. For instance, the electron number density
ne = [ fodv, magnetization m = [ fdv, and the charge and spin cur-
rents in the x-direction: Jc = —e [vfydv and Js = —e [ufdv. The
spin-up and spin-down distributions are related to the f; and f, com-
ponents in the following way: fo = f; + f| and f; = f; — f. The spin-
resolved electron densities are given by n; | = n, = ||m]]|.

The above spin-Vlasov equations describe the dynamics of the
itinerant magnetism, carried by the conduction electrons that are not
tied to a particular ion, but rather free to travel within the metal. In
order to describe the fixed, localized magnetism, we consider an ionic
spin chain where each spin §; interacts with its nearest neighbors and
is subject to a magnetic field By. This configuration can be modeled
by the Heisenberg Hamiltonian,

ARTICLE
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Huy = _Z]Si “Sit1 — U ZBelec =S,

where ] is the magnetic-exchange coupling constant, and By, is the
magnetic field generated by the itinerant electrons. J corresponds to
the interaction energy of two ions with anti-aligned spins, and is
expressed in electron-volts. In the continuous limit, the ion spin vector
becomes a continuous function of the position variable S(x, t), which
obeys the Landau-Lifshitz equation®’
2 2

§=u—]8x@f@8><Bm, (3)

ot h ox* h
where a is the interatomic spacing. Note that S(x, t) is a dimensionless
quantity. In the case of nickel atoms, the ion-ion magnetic-exchange
coupling constant is estimated'” to be ] = 0.022 eV.

B. Interactions

As illustrated in Fig. 1, there are three types of interactions gov-
erning the dynamics of the itinerant electrons and fixed ions: (i) the
electrostatic Coulomb interactions between the electrons and the ions
(coupling constant &); (ii) the ion-ion magnetic exchange (coupling
constant /), and (iii) the ion-electron magnetic exchange (coupling
constant K). In the sVPLL model, all interactions are treated under the
mean field approximation.

The self-consistent electrostatic potential (known as the Hartree
potential in condensed matter physics) is a solution of the Poisson

equation
82VH 62
=—— dv — Zn; 4
== Jfo ), @
where n; is the homogeneous ion density and & is the vacuum
permittivity.

The electron-ion magnetic-exchange interaction is treated in the
RKKY approximation.”® In this approximation, the ions experience an
effective magnetic field B, proportional to the magnetization of the
electrons

Beee(x, 1) = — K Jf (x, v, )dv, )
2up

where K is the electron-ion magnetic-exchange coupling constant. The

product Kn; represents the magnetic energy of a spin-down electron

that is embedded in a spin-up ferromagnet of density n; K is then

expressed in units of eV nm>. Conversely, the electrons experience an

effective magnetic field B;,, generated by the magnetization of the ions

K}’l,‘
21ip

Bion(x,t) = S(x,t). (6)

For nickel atoms, the value of the coupling constant can be estimated
as'’K = 0.014eV nm°.

TABLE I. Summary of the physical parameters used in the simulations, broadly relevant to a thin nickel layer.

6G1/€:G1 920z Auenigad vz

VA fie (m—3) on (sh Er (eV) vp(m/s) Lg (nm) K (eV nm?) or (s71) J (eV) a (nm)
1 9.1 x 10% 1.71 x 10% 7.41 1.61 x 10° 9.45 x 1072 0.014 1.95 x 107 0.022 0.275
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The sVPLL system of Eqgs. (1)-(2) and (3)-(6) conserves the total
energy

Emt:%ijzfodxdv—o—ulgjjfﬂdxdv
2 2
é [ (O L im %)
—I—ZJ(ax)dx—i-za]Zn, > J(@x dr, (7)

J={xy:2}

and each component of the total magnetization

Z
Mot :EMBJdede+MBniJde' (8)

Note that, because of the 1D nature of our model, the above
quantities have to be understood per unit surface.

11l. EQUILIBRIUM AND LINEAR RESPONSE

In this section, we investigate the linear response of the sVPLL
system, composed of Egs. (1)-(2) and (3)-(6). The procedure follows
the analysis developed in our earlier work for Maxwell-Boltzmann
equilibria,” adapting it to the case of Fermi-Dirac distributions. This
is an essential step for solid-state applications, where the electron gas is
fully degenerate even at room temperatures, as the Fermi temperature
is typically of the order 10*-10° K.

As we shall see, the resonant wave-particle interaction described
in the present work is tied to spin waves (magnons), and not plasma
waves (plasmons), due to the specific frequency ordering, magnons
being much slower than plasmons. Therefore, since the degenerate
Fermi-Dirac distribution has a cutoff at the Fermi velocity vg, plas-
mons are not resonant, because their phase velocity largely exceeds v.
In contrast, the magnonic phase velocity can be smaller than vy,
depending on the wavelength of the perturbation, leading to the rich
linear-response phenomenology detailed in the Secs. I1I A and I1I B.

A. Equilibrium
We decompose the electron distributions and the ion spin density
into a spatially homogeneous equilibrium and a small perturbation,
such as fi(x,v,t) :];(m(v) +]§-(1)(x, v,t), with j € {0,x,y,z}, and
S(x,t) = 8 + 81 (x, t), where the superscripts (0) and (1) denote,
respectively, the equilibrium and the perturbation. We further assume
that the equilibrium corresponds to a ferromagnetic configuration
with all spins aligned along the z-axis. Accordingly, the equilibrium
components satisfy fx(o) = fy(o) =50 = S;O) =0, and S = 1. The
other components of the electron distribution function fo(o) and fz(o)
are taken to be Fermi-Dirac distributions at zero temperature. The
spin polarization of the electrons at equilibrium may be quantified by
the parameter i € [—1, 1], defined as
o0 @
n=5—": (©)
[ a0

For nn = 1 (respectively, —1), all electrons are spin polarized (respec-
tively, anti-polarized) along the z-axis; intermediate values of n corre-
spond to partial polarization.

pubs.aip.org/aip/pop

In ferromagnetic materials, the Fermi temperature is typically of
the order Ty ~ 5 x 10* K. Hence, at room temperatures, the electron
gas is fully degenerate and its velocity distribution is well approximated
by a Fermi-Dirac distribution at zero temperature. Quantum mechan-
ically, this means that the energy levels are all occupied up to the
Fermi energy Er = % (372n,)*, while they are empty for energies
exceeding Ep. In our semiclassical approximation, this corresponds to
an equilibrium velocity distribution that is constant inside the Fermi
sphere, defined by |v|* < v, where vy = \/2Ep/m, is the Fermi
velocity.

For spin polarized electrons, the radius of the Fermi sphere differs
for spin-up and spin-down electrons in the presence of an external
magnetic field. In velocity space, we will denote v and v, as the Fermi
velocities of each spin component. Further, in the 1D case considered
here, the 1D velocity distribution along the x-axis is obtained by inte-
grating the three-dimensional equilibrium distribution over the two
transverse velocity components, v, and v,. The resulting 1D Fermi-
Dirac distribution at zero temperature takes a parabolic form in the
velocity variable.””

Remembering that the spin-up and spin-down distributions are
related to the fy and f, components in the following way: fy = f; + f)
and f, = f; — f|, we can write the equilibrium 1D Fermi-Dirac distri-
butions as

" 0, forv* > vf,
0
V) = (10)
U0 nC(v% — 172), forv? < 0%7
0, for v? > 1?2,
© !
£ () = (11)

nC(vf — 122), forv* <v?,

where C = [m,/(2nh)]’. More details on how to obtain the above
Fermi-Dirac equilibrium are provided in Appendix A, where
Fig. 11(a) shows the profiles of the equilibria.

The Fermi velocities v| ; can be written in terms of the unpolar-
ized Fermi velocity vp and the spin polarization # at equilibrium.
We have

ne = JfT(O)(u)dv + Jfl(o)(v)dv. (12)

Inserting the equilibria (10)-(11) into the above expression leads to
n, = 3nC(v} + v}). Using the definition of the Fermi energy and
velocity in terms of the electron density, we obtain v% + vi =203,
From Eq. (9), the electron polarization becomes

0 3
1 |
= 13
n o (13)
which yields, finally,
op=op(L+ )", v =op(1— )" (14)

B. Linear response and dispersion relation

Expressing the perturbed quantities, such as f!)(x,v,t) and
SW(x,t), in terms of plane waves exp(—iwt + ikx), where k is the
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wave vector and o is the frequency of the wave, leads to a dispersion
function that can be factored as D(w, k) = Dg(w, k) Ds(w, k). The
first branch Dg(w, k) = 0 leads to the usual dispersion relation for
electrostatic Vlasov-Poisson plasmas (Bohm-Gross relation), which
includes Langmuir waves and Landau damping. The other branch
of the dispersion relation Ds(w,k) =0 corresponds to collective
spin modes that are usually referred to as magnons in the literature™
and will be analyzed in detail in the forthcoming paragraphs.

The magnon branch of the dispersion function can be written as”’

2 2 (0)
Ds(w,k)zwa]kzzwmwl(hkj Ofo (v)

h 2 2n; \ 2m, J kv — w + wp
(0)
f(v)
- —d 15
ka—w—i—wL v (15)

where @y = 631(272 /m. = Kn;/h is the Larmor frequency of the elec-
trons immersed in the equilibrium magnetic field Bfg,)l generated by
the ions and directed along the z-axis.

In the limit of small electron polarization 7 and using the Fermi-
Dirac equilibrium at zero temperature defined in Egs. (10) and (11),
the real and the imaginary parts of the frequency can be approximated
as (further details are given in Appendix B)

+Z 3Zhw?
W, = Ws + =N —
r S > LN SEy
Z w? (3h k
+,&(,ﬂ,n> o |f0r x| (16)
4 kl)F 4 Ep kUF — L
and
Zn o? (3hoy or,
——=|===—7), if —<1
w; = 4 kUF (4 EF " ' kUF (17)

0, otherwise.

As mentioned earlier, we take Z = 1 everywhere in this work.

In the absence of electron-magnon coupling (K = 0), the
magnon frequency is Wmeg = s = k*a*J/h~ 2.6 x 101?57,
which is significantly smaller than the plasmon frequency
wp ~ 1.7 x 10'®s™'. When the electron-ion coupling is intro-
duced, the ratio wp/wmag becomes somewhat smaller, but the fol-
lowing scaling remains valid:

Cl)P > kUF ~ L > CUmag-

Typical values of the relevant physical parameters are summarized in
Table I.

The real and imaginary parts of the magnon frequency are shown
in Fig. 2 as a function of the electron spin polarization # (left panels)
and the wave vector k (right panels). The dependence of the frequency
on 7 is particularly interesting: below a certain positive #, the imagi-
nary frequency is positive, corresponding to an instability, whereas
above the threshold it is negative, signaling the damping of the initial
perturbation.

Such a threshold corresponds precisely to the electron spin polar-
ization induced by the magnetic field generated by the ions at equilib-
rium, ie., B,(f,’,l = —Kn;/(2u15). A simple calculation (see Appendix A)
shows that the threshold spin polarization is related to the coupling
constant K through the expression
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FIG. 2. Linear response of the magnon modes. The solid orange lines represent
the exact dispersion relation (15), the solid blue lines represent the approximate dis-
persion relations (16) and (17), and the green dots correspond to numerical simula-
tions of the full sVPLL system close to equilibrium. The left panels show the real (a)
and imaginary (c) frequencies as functions of the electron spin polarization #, vary-
ing from —1 to 1, for a fixed wave vector k = 5.29nm~". The dashed vertical line
corresponds to the threshold value ny, = %% ~ 0.13 for which the imaginary fre-
quency vanishes. The right panels show the real (b) and imaginary (d) parts of the
frequency as functions of the wave vector k, varying from 0.3 to 5.3nm~", and van-
ishing spin polarization = 0. Other parameters are given in Table |.

_Er 2/3 _ 1 _ 2/3
K= [(1 + 1) = (1= 1) } (18)

which can be written as ny, ~ %IE—?, for 1y, < 1. This value exactly
cancels the imaginary part of the frequency in the approximate expres-
sion given in Eq. (17). Using the parameters of Table I, we
obtain #y, ~ 0.129. This is the “natural” state of polarization of the
electrons, in the absence of any other constraints such as an external
magnetic field.

According to Fig. 2, if n > ny, (ie., if the electrons are more
strongly spin polarized than they would naturally be by the ions), then
the electronic spin polarization is damped and tends to return to its
initial value. In contrast, if # < ny,, an instability is observed: perturba-
tions are amplified and bring the system away from its equilibrium.
The instability rate increases with decreasing #, and is maximal when
n = —1, i.e, when all the electrons are spin-polarized in the opposite
direction to that of the ions (anti-polarization).

The presence of an imaginary part in the magnon frequency
clearly suggests the occurrence of resonant wave—particle interactions.
The resonance is visible in the expression of the full dispersion relation,
Eq. (15), where the denominator vanishes for some value of the elec-
tron velocity, similarly to what happens for Vlasov-Poisson plasmas in
the case of Landau damping.

Resonance occurs for a velocity vyes such that
%:%_"Ures: (19)
where w/k denotes the phase velocity of the ion spin wave (magnon)
and oy, /k represents the phase velocity of the electron spin precessing
in the magnetic field generated by the ions. This condition implies that
resonance is achieved when the electron spin precesses at the same
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frequency as the magnon, adjusted by a Doppler shift due to the elec-
tron’s velocity vy relative to the fixed ions. This resonance exhibits simi-
larities to the Electron Cyclotron Resonance Heating (ECRH)
mechanism observed in fusion plasmas, albeit with two key distinctions.
First, the ion spin wave (magnon) assumes the role analogous to that of
the externally applied electromagnetic wave in ECRH. Second, unlike
ECRH, where the electron magnetic moment arises from orbital motion,
in this context, it originates from the intrinsic spin of the electron.

The damped regime observed for 1 > 1, is suggestive of an effect
known as Gilbert damping in magnetic materials,”""” whereby the mag-
netization vector tends to return to its initial direction when perturbed.
Gilbert damping is usually introduced phenomenologically in the
Landau-Lifshitz equation (3), although its microscopic origin is still
unclear. Our results show that electron-magnon interactions may consti-
tute a possible channel contributing to the overall Gilbert damping effect.

In the unstable regime (7 < #y), the magnon amplitude
increases in time until it reaches a nonlinear regime where the linear
approximation is no longer valid. In this case, significant exchanges
can occur between the ions and the electrons, leading to a loss of mag-
netization on a femtosecond timescale, which is reminiscent of the
ultrafast demagnetization long observed in the experiments." These
aspects will be discussed in Sec. TV.

Figures 2(b) and 2(d) show the dependence of the magnon fre-
quency on the wave vector k, for unpolarized electrons with 1 = 0.
The imaginary part of the frequency becomes nonzero above a certain
wave vector corresponding to the relation vyes = vp, where vy is the
resonant velocity defined in Eq. (19). Indeed, for a Fermi-Dirac distri-
bution at zero temperature [Eqs. (10) and (11)], there are no electrons
with velocities larger than vg, hence no wave-particle resonance is pos-
sible. Above this threshold, w; rises steeply because the Fermi-Dirac
distribution has a maximum gradient at v = vp. Using k = 1.1 nm ™!
[read from the Fig. 2(d)] and the parameters from Table I, one obtains
Ures = 1.63 X 10° m/s, which is indeed close to vp = 1.61 x 10° m/s.

The wave—particle resonance is distinctly observable in the veloc-
ity distribution at x = 0, as shown in Fig. 3 for two values of the wave

= —k=16nm™!
506t —k=26nm™!| |
= ——_t=0
S !
204} | ]
= Lo
= L
50 0.2 | L ]
< | |
= | I
© Lo

0.0t ; R i i .

—10 0.0 1.0
Velocity[v]

FIG. 3. Electron velocity distribution functions at position x = 0, in arbitrary units.
The black dashed line represents the initial Fermi-Dirac distribution
fo(x =0,v,t = 0), the solid colored lines show the velocity distributions at a later
time for two different wave vectors, k = 1.6nm~" (blue ling, final time t = 36.5s)
and k = 2.6nm~" (orange line, final time t = 124fs). The dashed vertical lines
show the corresponding resonant velocities.
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FIG. 4. Temporal evolution of the magnon for three values of the electron spin
polarization, n = 0.9 (green line), n = —0.9 (blue line), and # = —0.1 (orange
line). The figure represents the amplitude of the lowest Fourier mode of the Sx(x, t)
component of the ion magnetization. The wave vector is k = 5.29nm~"; other
parameters are those given in Table |.

vector. This result is obtained from numerical simulations of the full
SVPLL system operating in the linear regime, where only a single
mode is weakly excited at the initial time. The presence of resonant
electrons leads to a distortion of the Fermi-Dirac equilibrium near the
resonant velocity vy, characterized by a flattening of the distribution.
This behavior is reminiscent of classical plasma phenomena such as
Landau damping.

The evolution of the magnon amplitude (S, component of the
ion magnetization) is shown in Fig. 4 for three representative values of
the electron spin polarization. The cases 7 = * 0.9 are respectively
damped (1 > 0) and growing (1 < 0), and saturate nonlinearly at
about the same time, t ~ 40 fs. The observed damping may be linked
to the Gilbert damping effect mentioned earlier.”* The case § = —0.1
is weakly unstable, as expected from the diagram on Fig. 2(c). The real
part of the frequency is much smaller for this case, in accordance
with Fig. 2(a).

Finally, we note that the charge branch of the dispersion relation,
Dg(w, k) = 0, does not exhibit any resonant behavior. This is due to
the fact that, in solid-state plasmas, the plasma frequency vastly
exceeds the magnon frequency (see Table I), so that the phase velocity
w,/k is much larger than the Fermi velocity of the metal and no
wave—particle interactions can occur. Therefore, the resonant wave—
particle interactions observed in this system are purely magnetic in
nature and do not arise in spinless plasmas. Nonetheless, the underly-
ing resonant mechanisms bear resemblance to those encountered in
classical plasma phenomena such as Landau damping.

IV. NONLINEAR REGIME AND DEMAGNETIZATION

When the initial configuration is unstable, the perturbation grows
exponentially and quickly attains the nonlinear regime, where the lin-
ear response analysis of the preceding section no longer applies. To
explore the nonlinear regime, we have numerically solved the full
sVPLL system using an Eulerian code based on a Hamiltonian splitting
method, which was described in detail in our earlier work.*®

The boundary conditions are periodic in x, with period L and
corresponding wave vector kmyin = 27/L. The initial condition is a
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homogeneous Fermi-Dirac distribution as in Egs. (10) and (11),
perturbed sinusoidally at a certain wave vector k, usually the lowest
mode ki,

folx,v,t = 0) = £, () [1 + & cos (kx)],
folx vt =0) = £ (),

felw vt =0) =" (v) &

Hlxv,t=0)=£"

25
E—)l
=20
g
Z 15
[}
210
g
5
0
0 100 200 300
time|fs|

FIG. 5. Time evolution of the Fourier modes k, = nkmin = n2m/L of the ion mag-
netization Sy(x,t) along the x-axis. The amplitude of the modes is given by the
color code shown at the right of the figure. At time t = 0, the ion spins are
weakly excited at the mode ky = 0.264nm~", which is linearly stable. At later
times (t ~ 50fs) several unstable higher harmonics with n > 1 appear, and for
t > 200fs the Fourier spectrum becomes very broad. The electron spin polariza-
tion is 7 = 0.
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where fo(o) :fT(O) +J‘f0),ﬁ<o> :fT(O) —fl(o), and ¢ < 1 is a small per-
turbation. The above initial condition describes an electron gas that is
spin polarized along the z-direction, with small perturbations in the
transverse plane (x,y). The charge distribution fy is also perturbed
with the same amplitude and wave vector.

We consider a similar initial condition for the ion spin distribu-
tion §(x, ¢)

Se(x,t = 0) = ecos(kx),
Sy(x,t = 0) = esin(kx),

whereby the ions are fully magnetized along the z-axis, while their spin
direction is slightly perturbed in the transverse plane. We emphasize
that the perturbation preserves the norm of the spin vector, with
[|S(x, t)|| = 1 at each spatial point.

Although one single mode is excited in the initial condition,
many more Fourier modes (k, = nkmi,, with n =1,2,...) arise at
later times in an unstable configuration. The couplings between these
modes are responsible for the nonlinear saturation observed, for
instance, in Fig. 4. Figure 5 shows the evolution of the various
modes k, as the instability develops. At t = 0, only the mode k;
= 0.264nm™! is present, but this mode is stable (w; = 0) because its
phase velocity exceeds vr. However, higher order modes k, may be
unstable, as is evident from Fig. 2(d). These unstable modes, although
not present in the initial condition, are excited via mode couplings and
start growing exponentially around ¢ = 50 fs. Note that the growth
rate decreases with k [see Fig. 2(d)], so that higher-order modes
become significant at later times, as is apparent from Fig. 5. After
t ~200fs, a wide spectrum of modes is excited, and the system is
clearly in a strongly nonlinear regime.

Figures 6 and 7 show, respectively, the charge distribution
fo(x, v, t) and the spin distribution f,(x, v, t) at different times, for an
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FIG. 6. Electron phase-space distribution function fy(x, v, t) at different times, t = 0 (a), t = 37 (b), t = 66 (c), t = 220 (d), t = 242 (e), and t = 271 fs (f). Other parameters
are: L = 3.96nm, k = 2r/L = 1.59nm~", Kn; / (licwp) = 0.08, n = —0.2, and perturbation & = 1074,
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FIG. 7. Same as Fig. 6 for the electron spin distribution £ (x, v, t). The values of f in the first panel (a) have been multiplied by a factor of 200, so that the same color bar could

be used for all panels (a)—(f).

unstable case with /7 = —0.2 and Kn;/(hw,) = 0.08. The lowest wave-
vector mode k = 2n/L = 1.59nm™! is excited at t =0 and grows
exponentially due to the wave-particle interactions near the resonant
velocity vres = —0.58vF. After t = 66 fs—see Figs. 6(c) and 7(c)—non-
linear effects become dominant and the distribution function develops
phase-space vortices, as is usually observed in plasma instabilities.
Figure 8 shows the transfer of energy from the electron-ion mag-
netic exchange energy Eyq, = — %2 [ [f(x,v,t) - S(x,)dxdv to the
electrons’ kinetic energy Eyiy, = ¢ [ [ v*fy(x, v, t)dxdv. This transfer

12 ' | | | 1

_Emag
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[ Jnonlin

magnon amplitude

! 1 L
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0.0 & . j i ; j 1
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FIG. 8. Time evolution of the electron kinetic energy Eyi, = (me/2) [ [ v?fy dxdv
(orange curve) and electron-ion magnetic energy £, = —(Kni/2) J‘[ij - Sdxdv
(blue curve), for an initial electron spin polarization 7 = —0.6 and excitation wave
number k = 2.12nm~". The energies are expressed in arbitrary units. The curves
are shifted to improve readability: the kinetic energy is set to zero at t = 0, while
the magnetic energy is set to 0.5 at the final time. The inset shows the amplitude of
the first Fourier mode of the ion magnetization Sy (x, t) (i.e., the magnon amplitude),
on a semi-logarithmic scale. The nonlinear regime is highlighted by the shaded
green background.

of energy, due to the wave-particle interactions detailed in Sec. IT], is
particularly evident during the nonlinear phase of the evolution,
highlighted in green on the figure.

Finally, Fig. 9 shows the loss of magnetization that is induced by
the wave—particle interactions. Initially, the ions are fully magnetized
along the z-directions. At later times, their average magnetization over
the entire domain is given by (S.)(¢) = ['S.(x, t) dx/L. Following the
instability, part of their magnetization is transferred to the electrons,

LOF ]
m
<
509t ﬂ ]
= I
N
£
=]
%D 0.8 F [—(S., n=0.0 1
S 9 ooy (f)+09 1=0.0

—{(S.), 1=-0.2

—(S,), 1=—-0.4

0 10 20 30 40

Timelfs|

FIG. 9. Time evolution of the ion magnetization in the z-direction (S;)(t)
= sz (x,t)dx/L, expressed as a fraction of the initial magnetization, for three val-
ues of the initial electron polarization: 7 = 0 (solid blue line), n = —0.2 (solid
orange line), and n = —0.4 (solid green line). The dashed blue line represents the
electrons’ average polarization (f;)(t) =2 [ [f;(x,v,t) dxdv/ [ [ fo(x, v, 1) dxdv,
for n = 0, upshifted by 0.9 to improve the readability of the diagram. The excited
wave number is the lowest allowed by the periodic conditions: k = kmin
=1.1nm~". In this case, the electron-ion coupling constant K is defined by
Kn; = 0.3 hiwy; it differs from the value given in Table | for nickel and is closer to
the one that can be observed in cobalt samples.*
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whose average spin density is (f)(t) =% [ [f.(x,v,t)dxdo/
[ fo(x,v,t) dxdv. Such transfer of magnetlzatlon is evident from the
blue curves on Fig. 9, which represent a case with n = 0, i.e., electrons
that are initially unpolarized. When the electrons are anti-polarized—
i.e., polarized in the direction opposite to that of the ions (orange and
green curves)—the loss of ion magnetization is even larger, and
approaches 30% for n = —0.4.

We note that such loss of magnetization occurs on a few tens of
femtoseconds, in accordance with the experimental ﬁndJ'ngs."3
Therefore, the wave-particle mechanism proposed in this work
may be a key element in the still elusive explanation of ultrafast demag-
netization occurring in ferromagnetic materials when irradiated with
laser light.

According to Fig. 9, the loss of magnetization is greater the larger
the difference between the initial electron polarization 1 and the
threshold value 1, = 25% for which the imaginary part of the fre-
quency (growth rate) Vanlshes To explain this behavior, we consider a
simple “quasi-linear” scenario, similar to the quasi-linear theory of
wave-particle interactions in standard plasma physics.”” In this sce-
nario, we still use the linear-response theory detailed in Sec. III, but the
equilibrium is now assumed to slowly evolve in time (much slower
than any other frequency in the system). In particular, the electron
polarization ;(t) and the ion magnetization $°)(¢) are now time-
dependent quantities. Due to the instability, the ion magnetization
decreases, while the electron polarization increases (and possibly
changes sign if the initial  was negative). We postulate that the insta-
bility stops when the instantaneous growth rate vanishes, i.e., when,
from Eq. (17),

TSy =0, (20)
where S, s is the final value of the ion magnetization along the z-axis,
and 7y is the final value of the electron polarization, defined by gener-
alizing Eq. (9) to nonequilibrium situations.

The conservation of angular momentum along z [see Eq. (8)]
implies that

Z Z

where we have restored the atomic number Z. By combining Eqs. (20)
and (21), we obtain the final ion magnetization as a function of the ini-
tial electron polarization 1

Zn+2

T2 for— 1<y < py, 22
Zng +2 == @)

S.p=
and S;5 = 1, for 1 > 5 > ny,, where we recall the expression of the
threshold polarization, ¢, = §

Figure 10 shows the final ion magnetization as a function of #, for
various wave numbers kLg, where Ly = vp/w,. All final magnetiza-
tion values lie above the curve defined by Eq. (22), which serves as a
lower bound, representing the maximum possible demagnetization
achievable in this scenario. Such a lower bound is attained for small
wave numbers kLp < 1 (large systems), whereas for kLp ~ 1 the data
points are shifted upward, although the slope of the curve remains the
same as in Eq. (22). Since Ly =~ 0.1 nm, which is of the same order as
the interatomic spacing a (see Table I), wave numbers for which
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FIG. 10. Final value of the ion magnetization S, ; as a function of the initial electron
polarization #. The colored dots represent simulation results for different values of
the wave number kLr, where Lr = vr /). The solid black line is the theoretical
result of Eq. (22), representing maximal demagnetization. Demagnetization can only
occur for values of 7 smaller than the threshold polarization, 7y, = 4'2"

kLp =~ 1 are not very relevant in practice, and one can consider that
the expected demagnetization is the one given by Eq. (22).

The choice of Z fixes the number of conduction-band electrons
capable of absorbing angular momentum from the ions. Consequently,
it determines the slope of the straight line in Fig. 10, and therefore the
value § = —2/Z where it intersects the horizontal axis, which corre-
sponds to My, = 0 (total demagnetization). For the case Z =1 con-
sidered here, the intersection occurs at 5 = —2, hence total
demagnetization is never reached, since 7 must be in the range [—1, 1].
In contrast, for Z = 2, total demagnetization can be achieved when
n = —1, ie, when all electrons are anti-polarized with respect to the
ions. Despite these quantitative differences, simulations conducted
with Z = 2 have shown that the qualitative behavior remains essen-
tially the same as for the Z = 1 case presented here.

As concluding remarks, one should not forget that our model is
Hamiltonian and does not include any dissipative effects. Therefore,
the magnetization can only be exchanged between the two species—
the itinerant electrons and the localized ions—but cannot be evacuated
out of the system. By incorporating an appropriate dissipative channel,
such as electron-phonon couplings (which have a typical timescale of
a few picoseconds), it may be possible to describe the full demagnetiza-
tion process, although this would require longer and more time con-
suming simulations.

It is also important to emphasize that the electron-magnon inter-
actions described here occur even in the absence of spin—orbit coupling
(SOCQ), which is not included in our model. SOC is a relativistic effect
that couples the electron spin to an internal or external electric field,
which possesses a magnetic component in the reference frame of the
itinerant electron. Many existing models of the ultrafast magnetization
dynamics rely on SOC as the primary source of demagnetization.'”**
Our approach shows that resonant electron-magnon interactions can
lead to demagnetization on a femtosecond timescale, even in the
absence of SOC.

V. CONCLUSION AND PRESPECTIVES

In this work, we have explored the complex dynamics of wave-
particle interactions in a spin-polarized plasma, focusing on the
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coupling between electrons and magnons in a ferromagnetic material,
an effect that has attracted considerable attention in recent years, as a
potential mechanism contributing to ultrafast demagnetization.” By
extending the Vlasov-Poisson framework to include spin degrees of
freedom and coupling it with the Landau-Lifshitz equation for the ion
magnetization, we developed a comprehensive phase-space approach
that captures both itinerant and localized magnetism.

Our linear response analysis revealed the existence of a magnon-
electron resonance, a phenomenon analogous to classical plasma
effects such as Landau damping and electron-cyclotron resonance
heating. This resonance occurs when the phase velocity of the magnon
wave matches the electron spin precession frequency, adjusted by
Doppler shift. In particular, the resonance disappears when the reso-
nant velocity of the electrons exceeds the Fermi speed. This is a signifi-
cant difference between degenerate systems (obeying Fermi-Dirac
statistics) and non-degenerate systems (obeying Maxwell-Boltzmann
statistics), which were studied in our earlier work.”® The resulting
energy exchange, due to the resonance, leads to either damping or
instability of the spin wave, depending on the initial electron spin
polarization. Notably, the threshold polarization at which the system
transitions from damping to instability corresponds to the natural self-
consistent equilibrium induced by the ion-generated magnetic field.

Numerical simulations confirmed these theoretical predictions,
showing that in the unstable regime, the system rapidly evolves into a
nonlinear state characterized by significant magnetization loss on fem-
tosecond timescales. This behavior closely mirrors the ultrafast demag-
netization observed experimentally in ferromagnetic thin films."”
Furthermore, the damped regime offers a microscopic interpretation
of Gilbert damping, suggesting that electron-magnon resonant interac-
tions may contribute to this effect.

Experimentally, the effects predicted in the present work could be
investigated through demagnetization measurements on ferromagnetic
films of increasing thickness. For a given thickness L, the smallest
wavevector mode ky,y, = 27/L is the most unstable one, see Fig. 2(d).
By increasing the sample size (i.e., decreasing kpn), its growth rate w;
increases until it reaches a maximum, after which it drops to zero
when its phase velocity becomes larger than vg. At that point, the sec-
ond mode k, = 2k, becomes the most unstable one. By still increas-
ing the thickness of the film, this mode follows the same pattern: first,
the growth rate increases, then it suddenly drops to zero after reaching
the maximum seen in Fig. 2(d). This scenario is repeated for each
of the higher-order modes k,, = nky,. As the demagnetization time is
proportional to the inverse of the growth rate, by performing succes-
sive measurements with growing sample sizes, one should observe a
sequence of slow decreases of the demagnetization time, followed by a
sudden jump when the phase velocity of the most unstable mode
exceeds the Fermi speed.

Finally, our findings suggest that wave—particle resonances—long
studied in plasma physics—may also play an important role in spin-
polarized charged particle beams. For instance, in plasma wakefield
acceleration experiments, our results could find applications in the
measurement of the electron spin polarization. By directing the spin-
polarized electron beam onto a ferromagnetic material, it may be pos-
sible to observe some demagnetization that one could relate to the
degree of polarization of the incoming beam. Further research is neces-
sary to ascertain the feasibility of this approach under actual experi-
mental conditions.

pubs.aip.org/aip/pop

ACKNOWLEDGMENTS

We thank Aurélien Manchon, Nicolas Bergeard, and Paul
Noél for several helpful discussions. This work was supported
by France 2030 government investment plan managed by the
French National Research Agency under grant reference PEPR
SPIN—[SPINTHEORY] ANR-22-EXSP-0009. This work of the
Interdisciplinary Thematic Institute QMat, as part of the ITI
2021 2028 program of the University of Strasbourg, CNRS, and
Inserm, was supported by IdEx Unistra (ANR 10 IDEX 0002),
and by the SFRI STRAT’US project (ANR 20 SFRI 0012) and EUR
QMAT ANR-17-EURE-0024 under the framework of the French
Investments for the Future Program. The authors would like to
acknowledge the High Performance Computing Center of the
University of Strasbourg for supporting this work by providing
scientific support and access to computing resources. Part of the
computing resources was funded by the Equipex Equip@Meso
project (Programme Investissements d’Avenir) and the CPER
Alsacalcul/Big Data.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Benjamin Bakri: Conceptualization (equal); Formal analysis (equal);
Investigation (equal); Software (equal); Writing — original draft (equal);
Writing - review & editing (equal). Nicolas Crouseilles: Formal analy-
sis (equal); Software (equal); Writing - review & editing (equal). Paul-
Antoine Hervieux: Conceptualization (equal); Methodology (equal);
Supervision (equal). Giovanni Manfredi: Conceptualization (equal);
Funding acquisition (equal); Methodology (equal); Supervision (equal);
Writing - original draft (equal); Writing — review & editing (equal).

DATA AVAILABILITY

The data that support the findings of this study are available from
the corresponding author upon reasonable request.

APPENDIX A: EQUILIBRIUM
1. Electron gas without spin

In the case of a homogeneous equilibrium, the Hartree potential
vanishes, so that the Hamiltonian of a spinless electron gas is simply

me (v} + vy + 07)

S T—

The equilibrium distribution F(H) follows the Fermi-Dirac
distribution. At zero temperature, this implies that all energy states
below the Fermi energy Ep are occupied, while all states above Ep
are empty. The distribution is then

_2nC
=

(A1)

F(H)

O(H — Ep), (A2)

where @ is the Heaviside step function and C = [m,/(2nh)]’ is a
normalization constant that enforces the total number of
electrons.
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The 3D velocity distribution £ (v, vy, v;) associated with F
is constant inside the Fermi sphere—defined by |v|* < v2, where
vp = +/2Eg/m, is the Fermi velocity—and zero outside

nC, if ||v||* <u?,

A3
0,  otherwise. (A3)

f3D(vx7 Uy, v;) = {
The 1D distribution is obtained by integration: f'P(v,)
= [ [f*" dy dz, which yields

nC(v2 —v2), if v? <12,
(F x) X F (A4)

le(UX) = {

0, otherwise.

2. Polarized electron gas

When the electron gas is polarized by a magnetic field B (either
external or internal), the spin degrees of freedom cannot be
neglected. The magnetic field splits the electron distribution
into two different populations, with spins either parallel or antipar-
allel to the field. The Hamiltonian is a diagonal 2 x 2 matrix
‘H = diag(H;, H|), with

me(v; + Uj +02)

H; = 3 — 1B, (A5)
me (V2 + v* + v?)
Hl = X vy E D) b4 z + :uBB (A6)

Each population follows its own Fermi-Dirac distribution:

2nC
FriHp) =—

e

O(Hy, — u), (A7)

where the chemical potential y is the energy needed to add one elec-
tron to the system. The chemical potential is adjusted to correspond
to the number of particles in the system, and it plays the same role
as Er in the non-polarized case.

In terms of the velocity, there are now two Fermi spheres, one
for each population, whose radii are v; and v|. From Eq. (A7), the
energies associated with these velocities are given by
Zevl | = u* pupB. By eliminating 4, one obtains

(A8)

Integrating over v, and v,, we finally obtain the 1D Fermi-Dirac
distributions at zero temperature

2 2\ g2 2

f(o)(v )= nC (UH —v2), ifvl< Ui s (A9)

L) =
I 0, otherwise,

which are identical to Eq. (11) in the main text. An example of these
equilibrium distributions is shown in Fig. 11(a).

Finally, if, in Eq. (A8), we take B to be the magnetic field gener-
ated by the fully magnetized ions uzB = —Kn;/2, and use Eq. (14),
we obtain

E
K =20 = =)

which is the same as Eq. (18) for 1 = ny,.

pubs.aip.org/aip/pop

3. Low-polarization equilibrium (y < 1)

For small values of #, the electron charge density fo(o)
= fT( 04 ffo) is almost identical to that of an unpolarized gas. The z-
component of the spin density fz(o) = fT(0> - ffo) is given by the dif-
ference of two truncated parabolas with the same curvature and
boundaries vy ~ v| ~ vf, see Eq. (A9). Therefore, it can be approxi-

mated by a constant fz(o) = A, within the interval v € [—vF, vg]. The

constant A is determined by the normalization condition
U
o

illustrated in Fig. 11.

fz(o)dv =n,n, so that A =nn,/(2vr). This approximation is

APPENDIX B: APPROXIMATE MAGNON DISPERSION
RELATION

In this Appendix, we provide some details on the derivation of
the approximate dispersion relation given in Eqs. (16) and (17).

We first define the following functions, which are useful for
computing the dispersion relation of a Fermi gas at zero temperature:

1 ot

dv.

Wal0) J —1v=7
These functions are the Fermi-Dirac counterpart of the Fried-
Conte function Z(y) for a Maxwell-Boltzmann distribution."’

In particular, the first two functions W, and W, are relevant
here, as they intervene in the integrals of Eq. (15), after some nor-
malization that can be recovered easily using the scaling property

a Uﬂ " .
J,a - ydv =a"Wy(y/a).
Using the definition of the complex logarithmic function, one can write:
Wo(7) =In(1 —7) —In(=1 = y),and W (y) = 2 +7Wo(7).

With the above mathematical tools and making use of the low-
n approximation illustrated in Fig. 11, we can compute the integrals
appearing in Eq. (15)

(0) _ _
J’i&, 0 (v) dv = —4nCup {2 $ 2y, (w wL)} ,

v— w—w kl)p kl)p

(0) _
dev - ncﬁvlz: Wo (w CUL>‘

U_(D—COL 3 kUp

When these expressions are inserted into Eq. (15), one gets

2 Z 4me? h
@ om0
h 2 n; 2m,

2nw? w—w, b yop o — o
C — .
+ n; UF( kvp  2m, * 3k Wo ( kvg >

Injecting the value of the constant C = 2% = (%)* Jeads to

D(w, k) =

8y, 2nh
2 Z 3Zhw?
D(w, k) =w — a—]kz U lisi
h 2 8Er

Zow? (o — wp 3k 7 o — o
‘“r(mpﬁiﬁ;M(mF>
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Spin distribution [a.
o
w

o
o

o | exacCt
- .fz IOWT]

[Jerror

—-1.0 —-05 0.0 0.5
Velocity|[v]

o
=

FIG. 11. Equilibrium distribution of an electron gas with spin, for a polarization
n = 0.7. Top panel (a): Spin-up and spin-down Fermi-Dirac distributions at zero
temperature. v; and v; are the Fermi velocities for each spin population. Bottom
panel (b): The solid blue line represents the exact spin distribution in the z-direction
f, = f; — f|. The dashed red line is an approximation valid for low values of #.
The error (shaded green area) is localized near the Fermi velocity and comes from
the difference v; — v) ~ 25/3, see Eq. (14). Here, we used a large polarization
n = 0.7 to better illustrate the approximation.

The difficulty now lies in simplifying the expression
Wo (“%2). Using the scaling

kvg

wp > kvp ~ wp > ws,

which is satisfied for typical sizes k™! > 1nm (see also Table 1), one
can neglect @ compared to w;. In that case, the imaginary part of
the argument of YV, vanishes and one can write

+or
w— o —wr L kvg
Wol —— | = W, —in+1n| —2YF
() =) |
kUI:
The dispersion function then becomes
a’J Zorn  3Zhow?
D(w, k) = w — ——k — L
(k) == 2 | 8E
14 L
Zogo, ((3hop N[ Ry
4 kUF 4 Ep ( _CL)_
UF

ARTICLE pubs.aip.org/aip/pop

Setting D(w, k) = 0, leads to the approximate expressions for
the real and imaginary parts of the magnon frequency, as given in
Egs. (16) and (17) of the main text.
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